In this paper we consider the problem of estimating the parameters of a nonlinear dynamical system given a finite time series of observations that are contaminated by observational noise. The least squares method is a standard method for parameter estimation, but for nonlinear dynamical systems it is well known that the least squares method can result in biased estimates, especially when the noise is significant relative to the nonlinearity. In this paper, it is demonstrated that by combining nonlinear noise reduction and least squares parameter fitting it is possible to obtain more accurate parameter estimates.
Parameter Estimation in a Perfect Model Class
We consider the problem of estimating the parameters λ ∈ R k in a model x t+1 = f (x t , λ), x t ∈ R d , of a nonlinear deterministic dynamical system given only a finite time series of noise contaminated observations {s t } n t=1 of the states {x t } n t=1 . In order to avoid certain technical issues that detract from the core ideas of our exposition, it will be assumed that the observations measure all the state variables directly, and that the noise contamination is an independent additive isotropic Gaussian noise. That is, s t = x t + t for each t, where the { t } n t=1 are independent Gaussian variates with each component of mean zero and fixed variance. In the Appendix we deal with the case of scalar observations.
To avoid certain deeper technical issues we will assume that we have a perfect model class, that is, † Current address: Sony Computer Science Laboratories, Inc., 3-14-13 Higashigotanda, Shinagawa-ku, Tokyo 141-0022, Japan. E-mail: tomo@csl.sony.co.jp there is a value of λ where the model x t+1 = f (x t , λ) is identical to the system. Although the perfect model class assumption is never realized in practice, it is the only context in which parameter estimation is philosophically meaningful. If the model class is imperfect, then there is no correct value of λ, although there may be in some sense optimal values of λ. To avoid difficulties of stating exactly what optimal parameter values should mean in an imperfect model class, we simply restrict attention to the perfect model class for the purposes of this paper. However, we can easily apply this method to actual examples.
Estimation of the parameters of dynamical systems is a very old problem, which has its roots in the work of Laplace, Lagrange and Gauss [Stigler, 1986] . Recently there has been renewed interest in parameter estimation of deterministic models, driven partly by rather dogmatic assertions from adherents to Bayesian methods [Meyer & Christensen, 2001] , and the more pragmatic concerns of physicists [McSharry & Smith, 1999; Judd, 2003; Smirnov et al., 2002; Smirnov et al., 2005; Voss et al., 2004; Pisarenko & Sornette, 2004; Smelyanskiy et al., 2005] . The aim of this paper is to present a new algorithm for parameter estimation of deterministic models. The key feature of the new algorithm is its combination of standard methods for estimating states with standard methods for estimating parameters. The specific methods employed to estimate parameters and states are not the novelty, but the combination of state estimation with parameter estimation improves the accuracy of parameter estimation.
In general terms the sequence of states {x t } n t=1 , and hence the sequence of observations {s t } n t=1 , is determined by the parameters λ, so consequently, the estimation of the parameters from the observations is an inversion problem. If the model f is linear, then, under our assumptions on the noise, the inversion problem is solved by a projection of a pseudo-inverse. However, when the model f is nonlinear, the dependence of state on parameters is nontrivial and the inversion problem is also nontrivial, even when there is no noise on the observations. The presence of noise in the observations creates an even more difficult problem.
In this paper, we attempt to solve the inversion problem by an iterative algorithm that alternates between estimation of the parameters and estimation of the states. We will employ standard methods for each estimation process. To estimate the parameters of given states we will use least squares parameter estimation (LSPE). Estimation of the states is often called filtering and there are a number of standard methods available, for example, the extended Kalman filter [Walker & Mees, 1997 , 1998 ] or gradient descent noise reduction, also called gradient descent state estimation (GDSE) [Kostelich & Schreiber, 1993; Judd & Smith, 2001 Ridout & Judd, 2001 ], we will use GDSE.
Least squares parameter estimation (LSPE )
It is common to estimate the parameters λ of a model x t+1 = f (x t , λ) using least squares parameter estimation (LSPE). If the observations {s t } n t=1
are of the entire state, then LSPE requires solving the optimization problem
This method implicitly assumes that the noise is Gaussian, independent, identical and isotropic for each observation, so that s t = x t + t , t ∼ N (0, σ 2 ). For nonlinear models LSPE is well known to given estimates that can have significant bias, especially when the noise is not small. This bias can be attributed to the so-called "error in variables" problem [McSharry & Smith, 1999] , that is, LSPE effectively assumes noise only affects the "response" variables s t+1 and not the "regressor" variables s t , but this is clearly not the case. The parameter estimates would be much less biased if we could solve the optimization problem
where x t is the true state at time t. The ideal situation would be to solve the optimization problem using only the true states
Of course, we cannot know the true states {x t } n t=1 , so in Eq. (1) the observations s t is being used as a proxy for the true state x t .
The key idea of this paper is that by employing some kind of filtering or state estimation technique we might be able to obtain a better proxy of the true state than the raw observation s t .
Gradient descent state estimation (GDSE )
Assume in our perfect model class that f :
be an arbitrary sequence of states, and regard this sequence of states as a vector in R nd , that is, x = (x 1 , x 2 , . . . , x n ) ∈ R nd . Also let s = (s 1 , s 2 , . . . , s n ) denote a time series of observations of x, and define δ t ∈ R d so that s t+1 − δ t+1 − f (s t − δ t ) = 0. For ease of exposition we have assumed that the observation s t is of the entire state x t . Often all the state variables are not observed so in the Appendix we discuss the case of scalar time series observations and a state space defined by time-delay embedding.
Define the indeterminism L :
It should be noted that L(x, λ) = 0 precisely when the states x t ∈ R d form a deterministic trajectory of the map f (·, λ). For more details on the meaning of indeterminism see [Judd et al., 2004b] . Generally, noisy observations do not result in deterministic trajectories. GDSE assumes that a trajectory close to the observations can be obtained by minimizing L through gradient descent, using the observations s as the starting point. This is achieved by solving the differential equationṡ
with x (0) = s and finding the limit of x(τ ) as τ → ∞ [Ridout & Judd, 2001] . Note the distinction between gradient descent convergence time τ and model time t. Writing out the gradient in Eq. (5) explicitly for each component we have
where T indicates the transpose and df (x t ) is the Jacobian derivative of f at x t . More details about the properties of this gradient descent method of noise reduction can be found in [Judd & Smith, 2001; Ridout & Judd, 2001 ].
There are a number of important questions that need to be addressed concerning the convergence of GDSE. The formulation of GDSE stated thus far requires solving an ordinary differential equation, Eq. (5), until convergence is achieved. In practice, an appropriate integration scheme is required and an appropriate stopping criterion must be chosen. Both of these can significantly effect the computation time and accuracy of results. It should be noted, however, that it is not always necessary to achieve complete convergence, particularly in the early stages of the iterative algorithm we present later.
Integration method: Euler approximation
Equation (5) is an ordinary differential equation, which can be solved by standard integration packages. Ideally the integration should employ an adaptive step size and be able to cope with stiff systems of equations [Press et al., 1995; Shampine & Reichlet, 1995] . On the other hand, in the algorithm presented in the next section, it may not be warranted to go to these lengths in the early stages of the algorithm, or when the data has a large amount of noise, or when very precise estimation is not required. The simplest integration of Eq. (5) is achieved by the Euler step method [Judd et al., 2004a [Judd et al., , 2004b . In this case GDSE reduces to simple iterative algorithm
where ∆ is a suitable step size. In the latter experiments, we use this Euler integration scheme throughout with ∆ = 0.1.
Stopping criterion for GDSE
A number of different stopping criteria are possible, including: a fixed integration period or a fixed number of iterates of the Euler integration Eq. (7); a lower bound on the convergence rate, for example, when the relative change in indeterminism in Euler integration step is smaller than some threshold; when difference between the indeterminism of the data I(s, λ) and the current sequence of states I(x, λ) is less than some threshold. In the following experiments we used the Euler integration method and stopped when the difference of absolute indeterminism value between previous data and current data of x in consecutive iterations is smaller than 10 −5 .
Combined State and Parameter Estimation
Our claim is that we can better estimate parameters if we can obtain better proxy estimates for the true states. The catch is that in order to employ state estimation one needs to know the correct parameter values [Heller, 1962] . We propose using an iterative algorithm where we estimate parameters using the most recent estimates of the states, then re-estimate the states using the most recent estimates of the parameters. As might be expected, the actual algorithm proposed is a little more subtle than this. We adopt the following notation for a fixed model class f (x, λ):
λ is the least squares solution to the parameter estimation problem, given data x. • x = filter(x, λ), means that x is the sequence of state estimates obtained from a sequence of states x given parameters λ. In our implementation the filter is gradient descent noise reduction.
The algorithm
Choose and fix scalars α, β ∈ (0, 1) and an integer N > 0. The purpose of α, β and N we explain after stating the algorithm.
6. Increment k and return to step 1.
The algorithm proceeds as follows. In step 2 GDSE obtains filtered data x k from the data x k and parameter value λ k . The original and filtered data are blended in step 3 using the proportionality factor α. Then new parameters λ k are estimated from the blended data in step 4. The new parameters λ k obtained in step 4 are blended with the previously used parameter λ k using the proportionality factor β in step 5.
Note that we do not set x k+1 and λ k+1 to the newly computed estimates x k and λ k , but rather just move the current estimates towards these newly computed values. This is necessary to maintain stability because the initial estimates might be poor. The parameters α and β limit the rate of convergence. Smaller values of α and β generally provide more stability, especially in the initial iterations, but smaller values will increase the calculation time. The parameter α is required to avoid rapid convergence to a incorrect local minimum. However, even so, we expect that the updated state x k+1 may be biased. To avoid inheriting that bias in λ k+1 we also include the parameter β. This parameter helps to ensure that the estimated model parameters λ k+1 are not overly influenced by bias in x k+1 .
Stopping criteria
Provided α and β are chosen to maintain stability, the stated algorithm will converge to states x and parameters λ where the indeterminism L attains a minimum. The minimum value that can be obtained is zero, which corresponds to x being the trajectory of the model for the given λ. Consequently, the stopping criteria of the algorithm is the minimization of L(x k , λ k ). This is not necessarily the best stopping criteria. In fact, it does not guarantee the algorithm will stop, because L(x k , λ k ) could just decrease monotonically. It was, however, found to be adequate in the experiments we describe.
Multiple applications of algorithm
The parameter estimates of the stated algorithm may be further improved by repeated application of the algorithm where the initialization in step 0 set λ 0 to the parameter values estimated in the previous iteration. This can provide improvements because the initial parameter estimates from LSPE may be far from the correct values, especially when noise level is high.
Examples
We consider two nonlinear systems: the Henon map [1976] and the Ikeda map [1979] . In the case of the Henon map we choose as the perfect model class second-order difference maps
where the perfect model (system) has A 0 = 1.0, A 1 = 0.3 and A 2 = −1.4. Often the Henon system is thought of as a two-dimensional system, and hence one can consider our experiment here as an example of incomplete observation of the state and use of a time-delay embedding model as described in the Appendix. For the Ikeda map we choose the perfect model class,
where the perfect model (system) has θ = a − (b/(1 + x 2 + y 2 )) with µ = 0.83, a = 0.4 and b = 6.0. In the Ikeda map we allow observations of the entire state.
In all the experiments we have used sequences of 1000 observations and Gaussian observational noise. We will express the noise level in terms of the approximate signal to noise ratio (SNR), measured in decibels. We demonstrate with applications to three observational noise levels, 40 dB as relative small noise level, 20 dB as moderate noise level and 10 dB as large noise level. We mostly present detailed results only for the 20 dB case, because the behavior of 10 dB and 40 dB cases are basically similar. Table 1 shows the initial parameter estimates λ 0 using LSPE for the Henon and Ikeda maps for various noise levels. As the noise level increases (that is, as the value of dB decreases), the parameter estimates deviate more from the correct values. It should be noted from Eq. (9) that we need a nonlinear least squares method to estimate the parameters (that is, µ, a and b) in the Ikeda map. We have used MATLAB's lsqcurvefit routine. 1
Initial least squares estimates

First application of algorithm
First we examine parameter estimates obtained from one application of the algorithm. In all the experiments we have chosen α = β = 0.5. Figure 1 shows how the parameter estimates λ k develop for the Henon and Ikeda experiments. In both experiments there is an initial rapid movement followed by slower convergence. In these experiments, the convergence is monotonic. Except for Fig. 1(b) the monotonic movement is always toward the correct parameter values; in Fig. 1(b) , however, the parameter A 1 passes through the correct value and converges to a slightly higher value. Figure 2 shows the development of the indeterminism. In both experiments, the indeterminism is converging, but apparently not to zero. It is desirable that the indeterminism converges to zero, but for technical reasons for likely nonhyperbolicity of the maps, it should be expected that the convergence will become arbitrarily slow, and hence appear to converge to a nonzero value [Ridout & Judd, 2001; Judd, 2006] . Table 1 . Initial parameter estimates λ 0 using LSPE on the Henon map and the Ikeda map for different noise levels and time series of 1000. Note that approximately, 40 dB is 1.0% noise, 20 dB is 10% and 10 dB is 31.62%.
Henon map
Ikeda map 
Repeated application of algorithm
We now examine the effect of repeated application of the basic algorithm, that is, at the completion of the algorithm it is restarted using the previous parameter estimates for λ 0 , rather than using the LSPE values. We repeat the application ten times to examine the convergence of repeated application of the algorithm. Figures 4 and 5 show the parameter estimates and indeterminism for repeated application to the Henon and Ikeda experiments, respectively. Both figures show that the first application provides the largest improvement, and there was a monotonic convergence after the second application. Table 2 shows the comparison of parameter estimates for the Henon and Ikeda experiments. It can be seen that the algorithm provided more accurate parameter estimates in all cases except the Henon map when the noise level was 10 dB; we discuss this failure in more detail in the next section. It might be also noted from Table 2 that when the algorithm was successful it provides more improvement relative to the initial LSPE, for the larger noise levels of 10 dB and 20 dB than the smaller noise level of 40 dB. This is almost certainly because at higher noise levels the observations are not a good proxy for the true states, and so the benefits of the obtained better proxy are significant.
A failure of the algorithm and future work
It has been noted in the previous two sections that the algorithm failed to find more accurate parameters estimates than LSPE in the Henon system when observational noise was at the 10 dB level. Figure 6 shows time-delay embedding of the original data and the algorithm's final state estimates, where the result is obtained by the first application of the algorithm. It is clear that the algorithm has converged to a model with a stable fixed point. Although this might be a reasonable model when the noise is very large (and therefore completely masking the dynamics), in this case the dynamics are not completely masked. Consequently, we conclude that the algorithm is not reliable for very large noise levels, but on the other hand, it could be improved. For example, the algorithm takes no note of the residuals of the data given the filtered states. In the failure we have observed these residuals increased significantly from residuals of the initial LSPE. Incorporating this residual information in the algorithm may prevent the failure. It could have also been avoided simply by using smaller α and β. We need to investigate this further.
Conclusion
We have described an algorithm for obtaining parameter estimates of deterministic systems that improve upon estimates obtained by applying least squares methods. The proposed method combines least squares parameter estimation with nonlinear state estimation, in particular a gradient descent technique. We have applied the method to two nonlinear systems, both with significant observational noise. In most cases, the parameter values obtained were more accurate than those obtained by least squares. A failure was noted, however, with large noise levels, and so improvements to the algorithm should be sought.
• L (x) = 0 and L(x) > 0 for all x =x in Ω, and • dL (x) /dτ = 0 and dL(x)/dτ < 0 for all x =x in Ω.
As L(x) is non-negative and is zero at a desired solution, we just have to show the condition for dL(x)/dτ . Define g(x) in the following way:
. . .
Observe that g(x) = 0 for trajectory. Then L(x) is given by
T g(x).
